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EXCITATION  OF  ELECTROMAGNETIC  OSCILLATIONS  IN  OPEN  BESONATORS 


L.  A.  Vaynshteyn 


An  open  resonator  in  tie  general  case  is  a system  of  homogeneous 
cr  heterogeneous  bodies  (their  properties  are  assigned  by  the 
distribution  of  complex  permeabilities  in  space)  which  are  surrounded 
by  a vacuum.  Oscillations  in  such  a system  are  accompanied  by 
radiaticn  into  free  space.  It  is  proposed  that  among  the  natural 
oscillations  of  the  systes  there  are  natural  oscillations  with  high 
guality  with  which  we  are  familiar.  The  prchles  of  induced 
oscillations  of  an  open  resonator  under  the  effect  of  outside 
currents  and  the  Cauchy  prctles  are  solved  csing  expansion  with 
respect  to  eigenfunctions  of  a continuous  spectrum.  In  the  solutions 
there  is  clear  separation  of  the  resonance  part  caused  by  natural 
oscillations  with  high  guality.  The  general  theory  is  illustrated 
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osing  the  example  of  a homogeneous  transparent  sphere  excited  by  a 
radial  electric  dipcle. 


mtfOCOCTICN 

Open  resonators  are  oscillatory  systems  whose  oscillations  are 
accompanied  by  radiaticn  into  free  space.  He  define  such  a systex 
assigning  in  space  the  distribution  of  complex  permeabilities  — 
dielectric  and  magnetic 


e = e (A)  = e (*;  x,  y,  2),  p = p(*)  =fl  x y z) 


dependent  on  the  wave  number  k = «/c  (cr,  what  is  the  same  thing, 
free  the  frequency  t.)  and  from  coordinates  x,  y,  z whereby  we  shall 
ccrsider  that 


e = p = I npii  R = y x'-  + + 2s  > /?, 


i.e.,  beyond  the  limits  of  a sptere  with  radius  B - is  a void  in 
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[P- 


which  diverging  electronagnetic  waves  are  propagated  which  are  formed 
during  electrcnagnetic  oscillations  of  the  system.  Conplex 
perneatili ties  (1)  correspond  tc  absorbent  .dtc . ncnabsorben-t  - 
substances,  so  that 


(3)  lmt>0,  lmp>0.  I 

He  shall  not  exasine  active  substances  (with  negative  losses).  fl 


According  to  this  definition  an  open  resonator  is  a dielectric 
or  metallic  sphere  just  like  the  wajority  of  ether  electrod ynawic 
systems  used  in  practice.  The  general  theory  presented  in  the  article 
is  applicable  to  a broad  class  cf  systems  defined  by  conditions  (1)  - 
(3),  however,  it  leads  to  simple  results,  wbich  are  of  interest  only 
ig  the  case  when  the  given  system  is  a resonance  systen,  i.e., 
sufficiently  high-quality  natural  oscillaticns  are  possible  in  it 
(see  §1)  . The  latter  requirement  is  satisfied  by  a dielectric  sphere 
(see  §5)  while  a metal  sphere  has  practically  >no  resonance  properties 
(see  £1],  §6).  Open  resonators,  formed  by  mirrors,  placed  in  a 
vacuum,  obviously  are  encompassed  by  the  above  definition:  for  them 
the  theory  which  is  presented  below  is  a natural  development  of  the 
theory  given  in  [ 1 ] where  we  were  limited  by  a scalar  wave  equation 
and  ideally  reflecting  mirrors,  conventional  cavity  resonators  become 
epen  resonators  if  they  are  concccted  with  free  space. 


I 

<; 


] 


I 
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51  i ATTENUATING  NATOHAl  CSCILLATIONS 


Natural  elect roaagne tic  oscillations  of  a systea  are 
oscillations  with  which  the  electr c lag net ic  field  is  dependent  on 
tiie  t according  to  the  law 


E (/)  = Re  {E,«',**‘ ' ),  H (/)  = Re  }. 


where 


is  a ccaplex  frequency  of  natural  cscillaticn  with  subscript  s, 


Vector  functions  E,  = E,  (jt,  y,  2)  and  H,  = H,  (jt,  y,  z)  satisfy  naxwell's 
onifora  equations 


rot  E,  - /A^H„  rot  H.  - — ik,tE,  (*,  - . 


Feraeat ilities  a and  p are  deterained  by  fciaulas  (1)-(3)  and 


T 


h 
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subsequently  we  shall  take  k at  the  frequency  of  excitation  and  only 
at  the  end  of  §4  will  we  need  vectors  E,  and  H„  which  satisfy 
equaticns  (6)  with  •-«(*,)  and  i-«.,  with 

peraeatilities  at  the  frequency  cf  the  natural  oscillations 
theaselves. 

If  and  p,  as  functions  of  x,  y#  z , undergo  sudden  changes  then 
equations  (6)  are  supplemented  ky  boundary  conditions  on  the 
interfaces*  lith  R -»  - vectors  E(  and  H,  satisfy  the  conditions  cf 
radiation 

'*.*  'M 

where  ace  spherical  coordinates;  n is  a single  radial  vector 

(n/t  = 1,  n»  = n,  *=  0);  g,(d,  <p)  is  a vector  function  which  is  single-valued  on 
a single  sphere  and  tangent  to  it  so  that  ngs (rt. <r)  ■=  0. 

Attenuation  of  natural  oscillation  in  tine  (value  wO  serves  as 
its  aeasure)  is  detersined  both  by  radiation  of  a divergent  wave  (1) 
and  by  losses  in  the  systea  itself  (with  ccvplexity  of  or  m).  The 
quality  of  oscillation 

\ 

» 
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caij  be  quite  high  (cf.  §5)  * 


§24  EIGENFUNCTIONS  OF  A CONTINUOUS  SPECTRUM 


Let  us  exaaine  electromagnetic  fields  satisfying  Maxwell* 
uiifcci  equations  (with  0<x<oo) 


rot  E — ixpH,  rot  H •=  — ixtE 


and  having  the  following  fern  with  E 


E-X*(«.9)-V-  + X(^«P)-V  . 

,-i«k  /«a 

Hj=  - [nX*(0.  <F)1  + ["X  (0.  <P)1  "V  . 


where  vectors  x°  and  X are  single-valued  cc  a single  sphere  and  are 
tangent  to  it.  They  are  ccnnected  by  the  relationship 


x = Sx*. 


where  S - the  operator  of  scattering  - is  a linear  integral  operator. 
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dependent  (with  a fixed  distribution  of  and  %.  in  space)  on 
parameter  k.  With  g,.«(0,  q>)  let  us  designate  tie  natural  vector 

feycticns  of  the  inverse  operator  S~*  and  with  ~"FT(x)’,  *ttre  

corresponding  eigenvalues,  lie  have 

s'ltr.M  - rx(x)gt<11, 

’ vh re  r is  the  discrete  subscript  rubbering  the  eigenfunctions  with 

fixed  x.  For  a sphere  (see  §5)  subscript  r replaces  sy  abols  £««  and 
Hn, „ i.e.#  two  regular  subscripts  m and  r along  with  the  indicated 
polarization. 

Natural  vector  functions  E-.«  and  Ht,»  of  a continuous  spectrum 
"jj  are  introduced  as  a soluticns  cf  equation*  (9)  having  the  following 

for*  with  R 

(13) 

H . 

whereby  on  the  strength  of  relationship  (12) 


(»*)  f)»r\(x)f ?)■ 


e,.  » = g;. , (o.  + c*. « to.  f)  V . 

--/«*  J*R 

H,.  „ = - [ng*t  . (0,  q>)l  + fng-, « (0,  q>)I  , 


y t 
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For  functions  E-,«  and  HT,„  the  condition  of  orthogonality  is  1 

valid 

fl  5)  ±-  5 .Et-,  5 pH  t>  KHt..  .-dK  = D-,  (x)  (x  - x'). 

into  which  enters  tie  picduct  cf  the  coupler  vector  functions 
(without  coupler  conjugation!).  Under  ccndition  (15)  integration  is  la 

carried  out  through  the  entire  infinite  space,  and  the  last  integral 
is  taken  on  the  single  sphere.  Relationship  (15)  is  derived  from  the 
identities 


(10) 


div  (Et>  »Hf,  ,-1  = /x'eEt.  *ET',  * + «xpHt.  ,H-«.  «•. 
div  jEv,.'  Ht.  «]  -=  ixeE,.  .E*-.  ,♦  + ix'p Htf  KH^,  «- 


using  the  same  argunents  as  in  the  case  of  the  scalar  wave  equation 
(see  [1],  §2).  Function  (16)  plays  the  role  of  the  nors  of 
eigenfunctions  of  the  continuous  spectrua. 

Vector  functions  ET,«  and  Ht,»  aay  he  ccrtinued  analytically  both 


on  the  negative  part  of  the  real  aiis  ard  cr  the  entire  plane  of  the 
ccaplei  variable  x.  With  negative  x they  are  deterained  by  the 


— 
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B- 


£ craulas 


MS) 


Ht>_„  — — 6tHt>1 


Is 


where 


C20) 


€»  *=  ± I . 


*itb  coaplex  x (naxely  in  the  lower  half  (lane)  the  function 
rt(x)  aay  vanish.  Each  toot  cf  the  equation  I\(x)  =0  coincides  with 
cue  of  the  values*,,  examined  in  §1.  In  addition  we  have 


121) 


E».  * =*  E„  Ht>  a — H,  ix>hc  i\  x — *i. 


Actually  in  this  case  according  to  fcrmulas  (13)  and  (14)  there  is 
cn«  divergent  spherical  wave  in  accordance  with  foraula  (7).  The  nernt 
of  the  attenuating  fundamental  oscillation  with  subscript  s is  the 

value 


(23) 


lf  / '<“>*(*.)  _ I &«%(*,>  „ 
” St  dx  “ dx 


where 
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(23) 


* 


I 

i 


$ 


Value  N,  appears  during  calculation  cf  remainders  in  the  points  x = 
y,  (see  §3  and  §4).  It  is  possible  to  prove  (cf.  [1],  §3),  that 

(24)  = X-\  eEJrfy  =»  — lim  ptfdV, 

R-*<XXi't  y*  R-*COtt'<  y^ 

where  VK  is  the  volume  of  a sphere  of  radius  8,  and  the  angle  7 is 
chosen  so  that  the  integrels  converge.  Curing  approximate  calculation 
of  the  norm  it  is  sufficient  tc  integrate  through  the  finite  range 
(cf.  [1],  §7). 

§3.  EXCITATION  OF  OPEN  RESONATORS  KITH  ASSIGNED  POINTS 

Let  the  sources  of  the  field  be  outside  electrical  and  magnetic 
currents  (with  densities  j*  and  jry,  which  oscillate  with  a frequency 
of  u = ck  and  are  located  at  finite  distances.  The  field  E , H excited 
by  thea  Bust  satisfy  Naxwell's  equations 

(25)  rot  E = ihpH  — ^ j",  rot  H - — /*eE  — ^-J* 
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aqd  the  conditions  foe  infinity 

<26)  llm/?E*=0,  lim/?H  — 0 npH  ImA>0, 

<-KC  R-KD 

which  provide  singularity  of  the  solution  (sse#  for  exaaple,  [2], 

§t0)  and  which  wake  it  possible  tc  lcck  for  it  in  the  fora  of 
integrals  (30)  and  (42)  on  the  real  axis.  If  tie  final  foraulas  (43) 
and  (44)  it  is  possible  tc  assume  that  lm  k = 0. 

Since  vectors  ET,„  and  UT|II  satisfy  rel atiof ships 
div(eET,  »)=  0,'div(pHt.,,)  = 0, 

(27)  arising  from  equations  (9),  the  sought  fields  E and  H should  be 
represented  in  the  fora  (cf.  [2],  § 101  or  [3]) 

12  8)  E = E'  + E',  H = H'+H', 

where  E*,  and  II*  are  transverse  (solenoidal)  fields  which  satisfy  the 
relaticnship 
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I 


i 


aod  E',  and  H'  ace  longitudinal  (potential)  fields  which  way  be 
written  in  the  fora 

(31)  E'«—  grad®',  H'  « — grad  O'*. 


Here  o'  and  O"  are  the  electrical  and  aagnetic  scalar  potentials 

which  satisfy  the  equations  4 

(32)  div  (e  grad  O')  - — 4np*,  div  (p  grad  O'")  = - 4np", 

i 

1 

where 

(33)  p*«  — ^-divj*,  p"  = — -1-div  j1"  fj 

are  the  densities  of  the  outside  charges. 

Equations  (32)  are  solved  using  electrostatic  and  magnetostatic 
methods  (cf.  §5).  Longitudinal  fields  do  not  have  resonance 
properties.  Since  all  charges  are  at  finite  distances.  O'  and  O'"  with 
B “h  • decrease  like  1/P  or  faster.  Longitudinal  fields  are  orthogonal 
to  the  vector  functions  of  the  continuous  spectrum: 
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L 


(14) 


$ »Et,  .E ‘dV  « 0,  J »iHt.  M‘dV  - 0. 


Actually  we  aay  write 


135) 


1*'^’  *E‘dV  = ~ i eEt'  * grad  ° ^ " ~~  j div  (eEt-  «a,#)  & + 


J div  («Et,  a)dV  = —j>  ®*nEt,  .dS, 


and  the  integral  over  S*  (sphere  of  radius  E)  with  H - vanishes 
sijce  O decreases  as  1/B  or  faster  and  the  radial  component  Et  « , 
Jike  1/F*. 


Substituting  expatsicn  (30)  into  equations  (25)  we  obtain  the 
relationships 


13  6) 


00  * 

/#  2 S (x)  ~ xfl,  (*)}  Et.  ,dx  = ^j»_  | 

S (X)  - kBt  (X))  IIT>  „dx *JL  j-  + 


ia  which  scleqoidal  vectors  stand  on  the  right;  for  then  it  is 
F***ible  to  write  the  expansions 


4-f  I- — a*' — i.  2 U <„)  E,, 

i l 


(37) 


t o 


il 
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and  coefficients  a,(x)  and  6«(x)  on  the  strength  of  foraulas  (15)  and 
(34)  are  obtained  in  the  fern 


(38) 


Ccefficients  Ax (x)  and  flT(x)  east  satisfy  equations 


(3  9) 


Ai4t(x)  — xflT(x)- — j-o,(x), 
Xi4t(x) — ABt(x) fMx).  , 


hence 


(4C) 


Ar  (x)  - 


/ *«t(x)- **T(x) 
c A»-x* 

l %at  (x)  - A6t  (x) 
c A*  — x*  • 


Osing  tela tienships  (19)  and  (20)  and  introducing  coefficients 


<<*1) 


C,(x) 


I «,(*)-»,<*> 

"ST  A — x • 


I 


| 


1 
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we  may  replace  ezpansicn  (30)  by  the  following: 


m m 

E'-S  $ Ci (a) B,, jin,  H'-S  $ C,(s) 


k which  irtegraticn  is  performed  along  the  entire  real  axis. 


In  these  integrals  let  us  displace  the  integration  curve 
downward  and  designate  with  r the  new  curve,  and  by  A the  area 
between  the  cld  and  new  corves.  He  obtain 


E =•  ^jC,E,  + H'  = C,II,  + II, 


where  summation  is  spread  alone  all  of  the  attenuating  fundamental 
csci nations , the  wave  nunbers  k,  of  which  lie  in  the  range  A;  t and 
A are  represented  by  integrals  (4  2)  not  op  the  real  axis,  but  on 
curve  r.  coefficients  C,  on  the  strength  of  fcrnulas  (22)  and  (23) 


are  obtained  in  the  fora 


C. 


i 


where 
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“ TJJ-  $ J *E,dV\  b,  *=  J 

Kith  proper  selection  cf  the  range  A (see  £ 1 ],  §4)  the  subs  in 
foraulas  (43)  determine  the  resonance  part  cf  the  field  and  against 
the  background  of  which  appear  rescnance  properties  of  the  given 
j system.  It  aa;  happen  that  the  given  systea  does  not  have  resonance 

properties  either  in  general  or  with  a certain  arrangeaent  of  the 
soarces  or  observation  points:  then  the  separation  of  the  resonance 
part  does  not  aake  sense  (see  [1],  §4). 

The  fcnulas  derived  akove  are  in  oany  ways  analogous  to  the 
foraulas  which  are  obtained  in  the  thecry  of  excitation  of  "closed" 
cavity  resonators  (see  [2],  [ 31)  . 

§4.  CAUCHY  PROBLEM  FOR  ELECTROMAGNETIC  OSCULATIONS 

If  (foraally)  M we  count  all  currents  of  conductivity  aaong 
currents  of  displaceaent  then  Maxwell's  eguaticns  for  nonstationary 
fields  can  he  written  in  the  fcia 

(»6)  rot  E (0  - — -j-  , rot H (0  - 4 ' 
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She  Cauchy  problem  reduces  to  tbe  integcaticn  of  these  equations 
coder  the  initial  conditions 

<47)  D(0  - D*.  B (0  - ■*  npn  t - 0, 

where  D°  and  B°  are  assigned  vector  functiccs  which  decrease 
•efficiently  rapidly  with  R -y «. 

Let  us  introduce  E(k),  the  vector  fuacticn  of  coordinates  x,  y, 
i#  according  tc  the  fornulas 

• 00 

(*  t)  E (*)  - j e^E  (/)  dt,  E (/)  - £ 5 e-'fc'E  (k)  dk 

ard  analogoosl  y deternine  H (k)  , D(k),  and  B(k).  Fron  equations  (40) 
we  obtained  for  these  vectors  the  equations 

<4S)  rol  E (k)  - ikB (*)  + -L B*.  rot  H (A)  - - ikD{k) - i- D*. 


If  we  consider  the  relationships 
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D(*)-t(A)E(*),  B(A)-ji(A)H(A), 


in  which  e (A)  and  p(k)  are  the  sane  as  in  foraulas  (1),  then  equations 
(49)  ace  reduced  tc  equations  (25)  with  outside  currents 


Tb«  ccnditicns 


r — 2=-b- 


(52)  div  D*  = 0,  divB°=.0 

ensure  the  absence  of  longitudinal  fields  sc  that  the  conplete  field 
E(k),  H(k)  is  ottained  in  tte  feta  of  inteqials  (30)  and  (42). 
However,  for  writing  these  integrals  and  for  foraulating  the 
conditions  (26)  which  ensure  singularity  <of  the  solution,  in  formulas 
(48)  it  is  necesar y to  consider  that  la  k > 0 and  to  integrate  by  k 
s osewhat  above  the  zeal  axis. 

Separating  the  resonance  part  into  E(A>  and  H(A)  according  to 
foraula  (43)  and  selecting  ranee  A in  the  fera  cf  a band 

(53)  — 8<Imx<0,  — oo<Rek<oo, 


r 
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«•  «ake  a transition  to  E(t)  and  H (t)  using  the  second  for  aula  (48). 
Shifting  the  integration  curve  downward  toward  the  straight  line  In  x 
* -6,  we  ottain  the  expression 


E(0“2c,(/)  E,+  ...,  H(0-Sc,(/)H,  + ..., 


in  which  the  terns  are  explicity  writtec  which  decrease  with  t - 
with  respect  to  absolute  value  tore  slowly  than  rw,  and  noreover 


C»  (0  *" — j -(a,—b,)e  **, 


In  fornulas  (54)  and  (55)  figure  weakly  attenuating  oscillations 
with  a frequency  e>  — ck,  (ImA* > — ft),  which  satisfy  equations  (6)  with 
• «•(*,)  and  p— n(*#).  If  the  substances  filling  cr  forning  the  open 
cescnator  thenselves  possess  resonance  properties#  thanks  to  which 
there  appears  a strong  dependence  of  « and  f on  k then  these 
oscillations  can  differ  considerably  fren  the  oscillations  exaained 
earlier.  Even  the  nunber  of  these  oscillations  nay  be  different.  Let# 
for  exanple#  the  working  part  of  the  resonator  (let  us  say#  the  space 
between  the  airrars)  be  filled  with  a hcaogenecus  substance  in  which 
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where  e„A0,  and  p„  do  sot  depend  cn  frequency.  If  k,sskt,  then  during 
replacement  of  *(A)  by  »(*,)  splitting  of  freguency  ck,  into  two 
frequencies  which  correspond  to  various  oscillations  is  possible. 

Natural  values  kt  are  distributed  in  the  plane  of  a coupler 
variable  symmetrically  relative  to  the  imaginary  axis  so  that  to 
frequency  a>,  and  to  vectors  E,,  H,  always  correspond  fr equency  — and 
vectors  Ej,  H«:  this  follows  frca  expressions  (4)  . In  the  problem  of 
excitation  of  aonochroaatic  fields  (§3)  values  A.,  which  lie  near  the 
regative  part  of  the  real  axis  are  not  of  interest;  in  the  Cauchy 
prcblea  they  ensure  reality  of  the  suas  (54). 

Derivation  of  formulas  (4  3)- (45)  is  based  on  the  supposition 
(cf.  [ 1 ],  end  of  §4)  that  integrands  (42)  in  the  range  A except  for 
simple  bands  A.  do  not  have  any  ether  special  features,  in  §5  we 
examine  the  behavior  of  these  functions  iq  a particular  case  of  a 
homogeneous  isotropic  sphere  and  are  convinced  that  this  is  actually 
sOi  During  derivation  of  formulas  (54)  and  (55)  we  further  proposed 
that  the  essentially  singular  points  of  functions  e(A)and  p (k)  lie 
below  the  straight  line  Imx  = -i,  i.e. , that  6 is  sufficiently  small. 
Bands  of  the  functions  e(A)and  p(k),  for  exaaple  in  the  case  of 

t 

applicability  cf  formulas  (56)  the  points  ^ y k*  — />{  — ip*,  may  lie 
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above  this  straight  line  (i.e,  it  aay  he  considered  tha  p0  < 6) . 

HOMOGENEOUS  ISOTROPIC  SPHERE  AS  AN  OPEN  RESCNATOB 


Let  a hoaogenecus  sphere  cf  radius  a with  peraeab ilities  and  p 
be  excited  by  the  radial  electric  dipole  located  in  point  R = E0#  » = 
0;  Outside  the  sphere  is  a vacuua  (•  = p = 1 with  R > a),  the  dipole 
aay  be  outside  the  sphere  as  well  as  inside,  the  aoaent  of  the  dipole 
F#  freguency  u = ck.  The  induced  field  is  expressad,  as  is  known, 
by  the  scalar  function  U = U(R,  »)  : 


(57) 


c_  1 9 p 1 9*U 

E*  = HR  =■  Ht  — 0, 


The  eigenfunctions  of  the  continuous  spcctrua  which  we  need  are 
etjual  to 


(5«)  = (x)  A<‘> (xR) - (X) C (x«) J />„ (coa  «)  npx  R>a. 

<►)  = j /„ (>« KejT /?) P, (cos  0)  npK  /?<o, 


where  jm,  h[l>  aad  h?  are  connected  with  the  Eessel  and  Hunkel  functions 
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<99>  iM-  T'CAW. 

and 

160) 


Substituting  functions  U*.,  into  fornulas  |57|  where  k is 
replaced  by  x,  we  find  the  vector  functions  E,*.,,  and  H#,,,.  Functions 
Umn,»  we  obtain  by  replacing  Legendre's  pclyncaial  Pn( cos  0)  by 
PIT  (cos  0),in  m,,  in  for  aulas  (57)  ( however*  in  our  problem  they  are  not 
recessary. 

, 

The  sclution  of  the  posed  problem  has  the  fora 

00 

• 61)  U-SlWcosO),  V.-C/i  + t/i. 

0 


where  U'H  corresponds  to  the  transverse*  and  U to  the  longitudinal 
electrical  field.  We  find  values  U‘„  solving  the  electrostatic 
prcblea.  With  R0  > a we  have 


fl?1  (x)  - /“  (x  Kep  a)  hP  (xa)  — /„  (x  Kep  a)  hi,r  (xa), 

’ (x)  =»  }/"-£•  fn  (x  Kejl  a)  hi1*  (xa)  — /„  (x  KejT  a)  /£>'  (xa). 
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l/«  - 4-  + ,j " + j J R„  nP«  R>R», 

erd  with  R n < a 


•63>  «-&[i-5tiiSii(fn^  *$«•<««■ 


■ It*  a n-Jl±l— 

" P(,  + l)n  + l Rn 


R>a. 


Values  U',,  we  find  frcn  the  general  theory  (§3)  replacing  the 
dipcle  with  a concentrated  electrical  current  and  using  the  formulas 


r /x\  _ / iy**i  M 

Gon  (x)  = 4n  (-  1 )"  x»  [B<n»  (x)]*, 

£Wx)  = — 2n  x*B'nl>  (x)  Bn]  (x). 


Using  the  identity  P„(l)=l,  the  result  nay  be  written  in  the  form 


v 1)  [ 0)U"-'lR'0)d« 

" 4 «*J  (+)  J <*  - x)  x«fl»>  (X)  S<»  (X)  X- 


The  correctness  of  this  fctnula  is  not  difficult  to  check 
suppleient ing  it  with  the  tern  U‘n  and  using  the  theoren  of 
renainders;  with  R0  > F > a we  cfctain 


DOC  * 2234 


PAGE  24 


<*6> 

and  foraulas  (57)  and  (61)  give  us  the  solution  in  the  classical 

bora. 


Integral  (65)  nay  fce  converted  by  defcraing  the  integration 
carve  downward.  Integrand  (65)  is  aeroaorphic  which  is  easy  to 
perceive  froa  the  properties  cf  functions  (59)  . In  the  point  x ■*  0 it 
is  regular.  In  the  lower  half  plane  Im  x < C its  bands  coincide  with 
the  rocts  cf  the  eguation  B(nv(x)  = 0,  which  can  be  written  in  the  fere 

_ -,/T  /«(»  W°)  _ A?r(*a) 

1 1 Y 8 UwV^o) 


ihe  possibility  of  representing  integral  (65)  in  the  fora  of  a sub  of 
raaainders  in  points  kn,  , the  roots  of  equation  (67),  is  deterained 
cqly  by  the  behavior  of  the  integrand  with  Imx-+ 


Let  us  liait  ourselves  to  real  positive  values  VTjT  Hith  F0  > a ( 

aqd  B > a the  integrand  in  the  lower  half  plane  increases  as 
*-/«(*.  + *-!«)  , therefore  the  integral  on  the  closing  seaicircle  |x|  = 

K aith  K ->  • does  not  vanish  (cf.  [1],  §6)  and  it  is  not  possible  to 


4H 


Il 
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reduce  the  integral  to  only  the  remainders,  with  R0  < a and  R < a 
this  reduction  is  always  possible.  With  R0  > a and  H < a the  integral 
is  reduced  to  renainders  under  the  condition 

<66)  /?,  — a<K«ii(e  — /?). 

However,  the  possibility  of  reducing  integral  (65)  to  a sun  of 
m renainders  is  not  connected  directly  with  the  presence  of  resonance 

properties  of  the  sphere.  The  latter  are  deternined  by  the  existence 
of  hands  *n,  with  a sufficiently  ssall  inaginary  part  and  also  by 
the  existence  of  nonintersecting  resonance  curves,  i.e.,  by  the 
disposition  of  tan  ds  ir  range  A,  adjacent  to  the  real  axis  (see 
§3). 

Let  us  exanine  the  roots  cf  equation  (67)  with  xa>»l  and  YU jT>  I, 
when  the  beans  inside  the  sphere  can  experience  total  reflection  from 
its  boundary.  Thanks  to  tie  perxeaticn  cf  energy  into  the  surrounding 
space  the  fundanental  oscillations  corresponding  to  such  beans  will 
attenuate.  It  is  apparent  that  the  smallest  radiation  attenuations 
will  be  possessed  by  oscillations  having  the  character  of  waves  cf  a 
whispering  gallery,  for  which  the  angle  of  incidence  of  beans  on  the 
boundary  of  the  sphere  is  close  to  »/2.  For  such  oscillations 
functions  jn  (x)  and  j„  (x)  nay  be  replaced  by  Fok*s  asymptotic  expressions 
(see,  for  exaaple,  [4]),  which  are  suitable  with  x ^ n ♦ 1/2  and 
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functions  A?1  (*)  m fi'J '(or)  b y lefcay's  asyaptotic  expressions,  which  are 
suitable  with  x < n ♦ 1/2.  Equation  (67)  then  takes  the  fora 


(6>S) 


~ VT  v sh  1 “ ie*T)’ 


where 

(7-0) 


ch  1 “ “5^ . r - («  + y)(»l—  th  i). 


Considering  pacaaeter  v %c  be  large  it  is  possible  to  represent 
t in  the  fora  + where  /f  — q is  the  root  of  the  equation 


<71>  *(0-0 
and  value  is  equal  to 


A/, 


(72) 


1 + 


T«-(n  + {) (Arch  K«p  - + v/J + 1 f 


Eence 


<711 


a+y-v^  + A/^) 
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(]  so  that  the  radiaticn  quality  is  equal  to 

It  iacreases  with  an  increase  in  subscript  r and  decreases  with  an 
■»  iwerease  of  subscript  q. 

Fcraulas  (67)  -(74)  relate  to  electrical  oscillations  £ of  a 
hciogeneous  isotropic  sphere.  If  in  these  fcraulas  e and  p change 
places  then  we  will  obtain  formulas  fer  aagretic  oscillations  Hm, 

I-he  rescnance  properties  cf  spherical  particles  are  displayed  during 
scattering  of  elec troaagnetic  taves  cn  then  (see,  for  exaaple,  [5]). 
In  [6]  light  was  generated  in  a spherical- shaped  crystal; 
oscillations  £«*«  were  induced  - waves  of  a whispering  gallery,  with 
2n  ♦ 1 - the  nultiple  confluence  of  eigenvalues  (73)  led  to  the 
simultaneous  generation  of  aany  oscillations,  however,  the 
predoainant  excitation  cf  oscillaticns  with  stall  q is  connected  not 
with  fcraula  (74),  nhich  gives  an  extreaely  high  quality,  but  with 
the  fact  that  for  thea,  according  to  the  knewn  criterion  of  Rayleigh 
(see,  for  exaaple,  [7]),  the  rcughness  of  the  boundary  is  less 
pronounced.  Let  us  note  that  the  fcraula  given  in  [ 6 ] for  quality. 


I 
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siailax  to  fcraula  (74)  is  erroneous. 

CONCLUSION 


This  work  examined  the  protlea  of  excitation  of  an  open 
resonance  systea  by  outside  currents  and  also  the  Cauchy  profclea. 
Formal  solutions  of  these  problems  uere  constructed  using  expansion 
cf  the  sought  fields  with  respect  to  eigenfunctions  of  a continuous 
spectrum.  For  the  resonance  part  of  the  field  siaple  expressions  are 
derived  which  make  it  possible  to  calculate  it  if  the  weakly 
attenuating  fundaaental  oscillations  are  known  which  deteraine  it. 
These  expressions  make  it  possible  to  calculate  a number  of 
prcperties  of  open  resonators  approximately  the  sane  way  as  this  is 
do^e  fcr  conventional  cavity  resonators. 

J would  like  to  take  this  oppcrtucity  to  thank  p.  L.  Kapitsa  and 
V.  A.  Eck  fcr  their  interest  in  this  work. 
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